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Abstract
Using the Wald formalism, we investigate the thermodynamics of charged black holes in D-dimensional stationary spacetimes
with or without rotations in Einstein-æther-Maxwell theory. In particular, assuming the existence of a scaling symmetry of the
action, we obtain the Smarr integral formula, which can be applied to both Killing and universal horizons. When restricted to
4-dimensional spherically symmetric spacetimes, previous results obtained by a different method are re-derived.
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1. Introduction
Jacobson and Mattingly introduced a unit time-like 4-vector
field ua, the so-called “æther field” coupled to Einstein’s gen-
eral relativity (GR), which is often referred to as the Einstein-
æther theory [1]. The existence of the æther field defines a
preferred frame, whereby the Lorentz invariance is locally bro-
ken and leads to some novel effects: superluminal gravitational
modes with different speeds exist [2]. Due to the existence of
the superluminal gravitational modes, the causality of the the-
ory will be quite different from that of GR. In particular, since
the speeds of these particles in principle can be arbitrarily large,
so the corresponding light-cones can be completely flat, and the
causality of the theory is more like that of Newtonian theory
[3, 4]. Then, some natural questions rise: does black holes still
exist? how to define a black hole now?
To answer these questions, we need first to understand the
corresponding causality of the theory. In Newtonian theory, an
absolute time t is first introduced, and the causality is guaran-
teed by assuming that all particles move in the increasing direc-
tion of t. With this in mind, Blas and Sibiryakov first realized
that the time-like æther field plays the role of the absolute time
of Newton [5]. In particular, the æther field naturally defines a
global timelike foliation of a given spacetime, and all the parti-
cles are assumed to move along the increasing direction of the
foliation. Once the causality of the theory is defined, a univer-
sal horizon can be defined as a one-way membrane of particles
with arbitrarily large speeds, that is, a surface that traps all par-
ticles: once they get in, they shall be trapped inside the horizon
all the time, even they have infinitely large speeds. In the de-
coupling limit, Blas and Sibiryakov showed that such a surface
∗Corresponding author
Email address: Anzhong_Wang@baylor.edu (Anzhong Wanga,b)
indeed exists [5]. Since then, universal horizons have been in-
tensively studied [6]. In particular, to study universal horizons
in gravitational theories without the presence of the æther field,
one way is to promote the æther field to play the role as that of
a Killing vector [7].
With the existence of universal horizons in static and station-
ary spacetimes [6], another natural question is: do universal
horizons have a thermal interpretation, similar to Killing hori-
zons in GR? In the framework of the Einstein-æther theory, it
was argued that universal horizons should possess such proper-
ties, and showed explicitly that the first law of black hole me-
chanics indeed exists for static and neutral universal horizons
[8]. The definition of the surface gravity at the universal hori-
zon is replaced by,
κpeeling =
1
2
d
dr
dr
dv
∣∣∣∣∣
UH
=
1
2
d
dr
(
sr
sv
)∣∣∣∣∣∣
UH
= κUH ≡ 1
2
∇u (u · χ)
∣∣∣∣∣
UH
,
(1.1)
which was first obtained by considering the peeling behavior
of a null ray near universal horizons [9], and later was shown
that the above relation holds for all static universal horizons
[10], where uµ is the four-velocity of the æther field, and sµ is
a spacelike vector orthogonal to uµ and tangent to the univer-
sal horizons. The quantities, r and v, denote the Eddington-
Finkelstein coordinates, in terms of which the static spacetimes
are described by the metric [10],
ds2 = −F(r)dv2 + 2 f (r)dvdr + r2dΣ2k , (1.2)
where k = 0,±1, and
dΣ2k =

dθ2 + sin2 θd̟2, k = 1,
dθ2 + d̟2, k = 0,
dθ2 + sinh2 θd̟2, k = -1.
(1.3)
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It is interesting to note that the universal horizons always exist
inside the Killing horizons in the well-known Schwarzschild,
Schwarzschild-de Sitter and Reissner-Nordström spacetimes
[10], which are also solutions of Horˇava gravity [4].
It must be noted that it is still an open question how to gener-
alize such a first law to charged and/or rotating universal hori-
zons [11, 12, 13, 14, 15]. In addition, in the case of a neutral
universal horizon, it was showed, via the tunneling approach,
that the universal horizon radiates as a blackbody at a fixed
temperature, even if the scalar field equations also violate lo-
cal Lorentz invariance [16], where the temperature TUH satis-
fies the canonical relation TUH = κUH/(2π). However, if the
Lorentz invariance is also allowed to be broken in the matter
sector, such as in the case of Horˇava gravity [17, 4], the dis-
persion relation of a massive particle will contain generically
high-order momentum terms,
E2 = m2 + c2p p
2
1 +
2(z−1)∑
n=1
an
(
p
M∗
)n , (1.4)
where E and p are the energy and momentum of the particle
considered, and cp and an’s are coefficients, depending on the
species of the particle, and z is the dynamical exponent and
denotes the power of the leading terms in the ultraviolet (UV)
regime of the dispersion relation. In Horˇava gravity, the renor-
malizability of the theory requires z ≥ d, where d is the spatial
dimension of the spacetime, and M∗ is the suppression energy
scale of the higher-dimensional operators. Then, it was shown
that the universal horizon radiates still as a blackbody at a fixed
temperature, but remarkably now it depends on z [12],
T z≥2
UH
=
2(z − 1)
z
(
κUH
2π
)
, (1.5)
where κUH is the surface gravity defined by Eq.(1.1). When
z = 2 we obtain the results of [16], which considered only
the case z = 2. Recently, more careful studies of ray trajec-
tories showed that the surface gravity for particles with a non-
relativistic dispersion relation (1.4) is given by [18],
κz≥2
UH
=
(
2(z − 1)
z
)
κUH . (1.6)
Similar results (with a factor 2 difference) were also obtained
in [19].
In the study of black hole thermodynamics, specifically the
first law, the energy of the system is usually identified as the
ADM mass, and the entropy term is identified as the (quasi-
)local energy. This was done initially by Brown and York, who
applied the quasi-local energy to the black hole thermodynam-
ics [20], whereby the first law was obtained. Soon, Wald for-
mulated it by using the Noether theorem [21]. Later, a new for-
mula of quasi-local energy was proposed, and then applied to
the study of black hole thermodynamics [22]. From the above
investigations, it can be seen that the quasi-local energy plays a
key role in the understanding of the black hole thermodynamics
[23].
Applying the above conceptions to black holes in Einstein-
æther theory, Eling first considered, respectively, the Einstein
and Landau-Lifshitz pseudo-tensors [24], while Foster inves-
tigated the same problem by using the Wald formalism [25].
From their expressions, one can deduce the ADM mass in
asymptotically flat spacetimes with a modification due to the
presence of the æther field. Recently, along the same line, Pa-
cilio and Liberati obtained an integral form of the Smarr for-
mula by assuming a scaling symmetry in Einstein-æther theory
[14]. They also showed that the cosmological constant term can
be also included, although it breaks the scaling symmetry.
In this letter, using the Wald formalism, we investigate the
thermodynamics of charged black holes in D-dimensional sta-
tionary spacetimes with or without rotations in Einstein-æther-
Maxwell theory. In particular, assuming the existence of a
scaling symmetry of the action [14], we obtain the Smarr in-
tegral formula, which can be applied to both Killing and uni-
versal horizons. When restricted to 4-dimensional spherically
symmetric spacetimes, previous results obtained by a different
method in [11] are re-derived. Specifically, in Sec. 2, we give a
brief review over the Einstein-æther-Maxwell theory, while in
Sec. 3, applying Wald’s formalism, we derive the integral form
of the Smarr formulas for the Einstein-æther-Maxwell theory in
D-dimensional spacetimes with or without rotations. In Sec. 4
we present our main conclusions and some general remarks and
discussions.
2. Einstein-æther–Maxwell theory
The Einstein-æther theory minimally coupled with an elec-
tromagnetic field is described by the action [11],
S =
∫
d4x
√−g
[
1
16πGæ
(
R − 2Λ +Læ +LM
)]
, (2.1)
where R is the Ricci scalar, and Λ is the cosmological constant.
The æther LagrangianLæ is given by
Læ = −Zabcd(∇auc)(∇bud) + λ(gabuaub + 1), (2.2)
where the tensor Zab
cd
is defined as [2]
Zabcd = c1g
abgcd + c2δ
a
cδ
b
d + c3δ
a
dδ
b
c − c4uaubgcd , (2.3)
where ci(i = 1, 2, 3, 4) are coupling constants of the theory.
The Newtonian constant GN is related to Gæ via the relation
Gæ = (1 − c14/2)GN [26, 25, 24]. There are a number of the-
oretical and observational bounds on the coupling constants ci
[1, 27, 28]. In particular, the combination of the gravitational
wave event GW170817 [29], observed by the LIGO/Virgo col-
laboration, and the one of the gamma-ray burst GRB 170817A
[30], provides much more severe constraint on c13. In fact,
these events imply that the speed of the spin-2 mode cT must
satisfy the bound, −3 × 10−15 < cT − 1 < 7 × 10−16. In the
Einstein-aether theory, the speed of the spin-2 graviton is given
by c2
T
= 1/(1 − c13) [2], so the GW170817 and GRB 170817A
events imply |c13| < 10−15. For the constraints on other pa-
rameters after the above observations are taken into account,
see [31] for more details. As to be shown below, the formulas
developed in this letter do not impose any specific conditions
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on the choice of these free parameters, so in principle they are
valid with respect to any constraint.
Another useful expression of Læ is related to the irreducible
decompositions of the æther field [32],
∇aub = 1
3
θhab + σab + ωab − uaab, (2.4)
where hab ≡ gab + uaub, and
θ ≡ ∇ · u, aa ≡ ∇uua
σab ≡ ∇(aub) + u(aab) − 1
3
θhab,
ωab ≡ ∇[aub] + u[aab],
(2.5)
where ∇X ≡ Xb∇b. Note that, if the æther satisfies the
hypersurface-orthogonal condition, u[a∇buc] = 0, then the twist
ωab vanishes identically. Then, we find that
Lu ≡ −Zabcd(∇auc)(∇bud)
=
1
3
cθθ
2 + cσσ
2 + cωω
2 − caa2,
(2.6)
where
cθ ≡ c1 + c3 + 3c2, cσ ≡ c1 + c3,
cω ≡ c1 − c3, ca ≡ c1 + c4.
(2.7)
The source-free Maxwell LagrangianLM is given by
LM = −FabF ab, Fab = ∇aAb − ∇bAa, (2.8)
where Aa is the four-vector potential of the electromagnetic
field.
To proceed further, let us introduce the tetrad, (ua, sa,ma, na),
where the space-like unit ma and na lie on the tangent plane of
the two-spheres S, and sa is another space-like vector, which is
orthogonal to ua, ma and na. In terms of these four vectors, the
metric takes the form,
gab = −uaub + sa sb + gˆab, (2.9)
where gˆab ≡ mamb + nanb is the metric on the unit two-sphere
S. Due to the spherical symmetry, any vector Va can be decom-
posed as,
Va = −(V · u)ua + (V · s)sa. (2.10)
In particular, the acceleration has only one component along
sa and is given by aa = (a · s)sa. Additionally, any rank-two
tensor Fab can have components along the directions of the bi-
vectors uaub, u(asb), u[asb], sa sb and gˆab. Especially, in [8, 33]
the following useful relations were given,
∇aub = −(a · s)sbua + K0sbsa + 1
2
Kˆugˆab, (2.11)
∇asb = −(a · s)ubua + K0ubsa +
1
2
Kˆ sgˆab, (2.12)
where Kˆu and Kˆ s are given by,
Kˆu = [mc∇c + nc∇c]u,
Kˆ s = [mc∇c + nc∇c]s, (2.13)
where superscript u and s represent that the extrinsic curvature
operator act on the vector ua and sa respectively.
The Maxwell field F ab is usually decomposed into the elec-
tric and magnetic fields Ea and Ba, respectively,
Ea = F abub, Ba = e
abmn
2
√−gFmnub, (2.14)
where eabmn is the Levi-Civita tensor. However, because of the
spherical symmetry, we have Ba = 0, and then we find
F ab = −Eaub + Ebua. (2.15)
Because the electric field is spacelike, we have (E · u) = 0 and
Ea = (E · s)sa. Thus, Fab = −(E · s)ǫˆab, where ǫˆab = (−uasb +
ubsa). Then, from the vacuum Maxwell equations, we find (E ·
s) = Q/r2, where r denotes the geometric radius of the two-
sphere, and Q is an integration constant, which represents the
total charge of the whole spacetime. Therefore, we have
Fab = −Q
r2
ǫˆab. (2.16)
The equations of motion, obtained by varying the action
(2.1), respectively, with respect to gab, u
a, Aa and λ are given
by
Gab + Λgab = T æab + 8πGæT Mab ,
Æa = 0,
∇aF ab = 0,
gabuaub = −1,
(2.17)
whereGab is the Einstein tensor, the æther andMaxwell energy-
momentum tensors T æ
ab
and T M
ab
are given by
T æab = c1[(∇auc)(∇buc) − (∇cua)(∇cub)] + c4aaab
+∇cXc ab + λuaub −
1
2
gabY
c
d∇cud, (2.18)
T Mab =
1
16πGæ
[
− 1
4
gabFmnF mn + FamF mb
]
, (2.19)
with
Æa = ∇bYba + λua + c4(∇aub)ab, (2.20)
Xc ab = Y
c
(aub) − u(aY cb) + ucY(ab), (2.21)
Yab = Z
ac
bd∇cud. (2.22)
3. Smarr Formulas for Einstein-æther–Maxwell theory
In this section, to have our results be as much applicable
as possible, we shall consider D-dimensional spacetimes in
Einstein-æther–Maxwell theory. The only assumption is the ex-
istence of a Killing vector ξ that describes the scaling symmetry.
For any diffeomorphism-invariant D-form Lagrangian, one
can always associate a local symmetry with its corresponding
conservation quantities, i.e. a Noether current (D − 1)-form J
as well as a Noether charge (D − 2)-form Q [21, 25]. If such
a symmetry is represented by a Killing vector field, ξ, then the
corresponding Noether current (D − 1)-form J is given by
J[ξ] = Θ(ϕ, £ξϕ) − ξ · L, (3.1)
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where £ξ is the Lie derivative along the ξ direction, and J is
closed on shell 1,
dJ[ξ] = −E£ξϕ ≃ 0, (3.2)
which implies that corresponding to ξ there is a (D − 2)-form
Noether charge, Q,
J[ξ] ≃ dQ[ξ]. (3.3)
In the Einstein-æther–Maxwell theory, the Noether charge is
given by
Q[ξ] =
−1
16πGæ
[
∇aξb + uaYbcξc + uaYcbξc
+Yab(u · ξ) + 2F abAcξc
]
ǫab.
(3.4)
For a solution {ϕ} of the theory, when it is invariant along ξ, that
is, £ξϕ ≃ 0, we have Θ(ϕ, £ξϕ) ≃ 0. From (3.1) and (3.3), we
integrate the expression, J[ξ] + ξ · L ≃ 0, over an hypersurface
Σ and its boundary, ∂Σ, respectively, we find that∫
∂Σ
Q[ξ] +
∫
Σ
ξ · L = 0. (3.5)
In [34], it was observed that Eq.(3.5) leads to the Smarr for-
mula for sufficiently general diffeoinvariant theories, while in
[14] it was shown that scaling symmetry leads the Lagrangian
of Einstein-Aether theory to be a total divergence on-shell, i.e.
L ≃ dB, with a (D−1)-form B 2. Then we can derive the Smarr
formula by taking a surface integral under a flow of the Killing
vector field ξ. For the action (2.1), the scaling symmetry is
gab → γgab
ua → γ−
1
2 ua
λ→ γ−1λ
Aa → γ 12Aa,
(3.6)
where γ is a constant. Following [14, 34], we find
R +Lu +LM
=
(
2
D − 2
)
∇m(uaYam − umYaa − 2F maAa).
(3.7)
Then, total Lagrangian, L = R + Læ + LM , becomes a total
divergence on shell, i.e. L ≃ dB, where
B =
(
2
D − 2
)
1
16πGæ
(uaYa
m − umYaa − 2F maAa) ǫm. (3.8)
Thus, on shell, Eq.(3.5) reduces to a surface integral,
0 ≃
∫
∂Σ
Q[ξ] − ξ · B. (3.9)
1Here, “≃” represent the equality when the field equation, E = 0, hold on
shell.
2In [14] the Smarr formulas for the infrared Horava gravity were also stud-
ied, and found that they reduce to a surface integral only when the integrals are
evaluated in the preferred frame.
3.1. The Expression for Q[ξ] − ξ · B
Inserting the expressions of Zabcd given by (2.3) and Y
a
b,
Xabc given by (2.20) into (3.4) and (3.8), we find
Q[ξ]−ξ · B = − 1
16πGæ
[
∇aξb − 2c4uaab(u · ξ)
+ 2c13u
aξc∇(buc) + (c1 − c3)∇aub(u · ξ)
− 2
D − 2(c14ξ
aab + c123u
aξb(∇ · u))
+ 2
(
FabAcξc − 2
D − 2F
acAcξb
) ]
ǫab.
(3.10)
Alternatively, in terms of the fluid coefficients of Eq.(2.7), we
find
Q[ξ]−ξ · B = − 1
16πGæ
[
∇aξb − 2ca(u · ξ)uaab
+ cω(u · ξ)ωab + 2cσuaξc∇(buc) + cσ(u · ξ)uaab
− 2
D − 2
(
c123u
aξb(∇ · u) + caξaab
)
+ 2
(
F abAcξc − 2
D − 2F
acAcξb
) ]
ǫab.
(3.11)
It should be noted that the above expressions hold for any
stationary spacetimes, including the ones with rotations.
3.2. 4-Dimensional Spherically Symmetric Spacetimes
In [11], it was shown that, using the Einstein-aether-Maxwell
field equations, the geometric identity [35],
Rabξb = ∇b(∇aξb), (3.12)
can be written in the form,
∇bFab = 0, Fab ≡ 2F(r)u[asb], (3.13)
where F(r) = FQ(r) + q(r), and
∇b
(
FQ(r)u[asb]
)
= − Q
2
2r4
ξa,
q(r) ≡ −
(
1 − c14
2
)
(a · s)(u · ξ)
+
[
(1 − c13)K0 + c123
2
K
]
(s · ξ).
(3.14)
Then, using Gauss’ law, from Eq.(3.13) we find that
0 =
∫
Σ
(
∇bFab
)
dΣa =
∫
B∞
FabdΣab −
∫
BH
FabdΣab
=
∫
B∞
FdA −
∫
BH
FdA. (3.15)
Here dΣa is the surface element of a spacelike hypersurface Σ.
The boundary ∂Σ of Σ consists of the boundary at spatial infinity
B∞, and the horizon BH , either the Killing or the universal.
In the following, we shall show that Eq.(3.15) can be ob-
tained from Eq.(3.9), when it is restricted to 4-dimensional
spherically symmetric spacetimes. To this goal, let us first note
that in the sperically symmetric spacetimes the hypersurface-
orthogonal condition is automatically satisfied, so the twist ωab
4
vanishes identically, while ǫab can be written as ǫab = ǫˆab ǫ¯. In-
serting Eq.(2.16) into Eq. (3.11), we find
Q[ξ]−ξ · B = − 1
16πGæ
[
∇aξb ǫˆab + 2cσ(s · ξ)sa sb∇aub
− 2
D − 2
[
c123(s · ξ)(∇ · u) − ca(u · ξ)(a · s)
]
− 2ca(u · ξ)(a · s) + cω(u · ξ)ωab ǫˆab
+
2Q
r2
(
−(ξ · A)ǫˆab + 2
D − 2Acξ
b ǫˆac
)
ǫˆab
]
ǫ¯ ,
(3.16)
where ξa = −(u · ξ)ua + (s · ξ)sa and A will be defined
below. Finally, for D = 4, with null twist condition and
(∇bua + ubaa)ǫˆab = 0, we obtain
Q[ξ] − ξ · B = 1
8πGæ
[
−
(
1 − ca
2
)
(u · ξ)(a · s)
+ (1 − cσ)(s · ξ)sa sb∇aub + c123
2
(s · ξ)(∇ · u)
− Q
r2
[2(ξ · A) + (u · A)(u · ξ) − (s · A)(s · ξ)]
]
ǫ¯,
(3.17)
where we had used (2.11) to get the first term,
∇aξb ǫˆab = 2[(u · ξ)(a · s) − (s · ξ)K0], (3.18)
in r.h.s. of Eq.(3.17). With the above expression for Q[ξ]− ξ ·B
and by taking the integral of Eq.(3.9) over the boundary ∂Σ =
Σ∞ ∪ ΣBH, we find∫
Σ∞
(Q[ξ] − ξ · B) −
∫
ΣBH
(Q[ξ] − ξ · B) ≃ 0, (3.19)
which is nothing but Eq.(3.15).
4. Conclusion
In this work, applying the Wald formalism to the Einstein–
æther–Maxwell theory, we have derived the Smarr integral for-
mula in D-dimensional stationary spacetimes with or without
rotations, by assuming the existence of a scaling symmetry. Ap-
plying it to Killing or universal horizons, one can obtain the
integral form of the first-law of thermodynamics in Einstein–
æther–Maxwell theory. Restricting to 4-dimensional spheri-
cally symmetric spacetimes, we have re-derived the Smarr inte-
gral formulae for charged black holes obtained in [11].
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